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Abstract 
We apply the Banach’s contraction principle to obtain a unique solution of the operator equation x — T x = f 


in arbitrary Banach spaces. 
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Preliminaries 


We require the followings definitions and the statement of the Banach’s contraction principle. 


Definition 1.1. [2] Let (M, d) be a metric space. A mapping T : M — M is said to be Lipschitzian if there is 
a constant k > 0 such that for all z, y € M, 


d(T (x), T(y)) < kd(x,y). 
The smallest number k for which the above inequality holds is called the Lipschitz constant of T. 


Definition 1.2. [2] A Lipschitzian mapping T : M — M with Lipschitz constant k < 1 is said to be a 
contraction mapping. 


Theorem 1.3. [2] (Banach contraction principle) Let (M , d) be a complete metric space and let T : M —> M bea 
contarction mapping, then T has a unique fixed point in M. 


Definition 1.4. [1] Let (X, d) be a metric space, and T : X — X a self map. Fora given x € X, we consider 
the sequence of iterates {x,}* determined by the successive iteration method, 


ty, =T (£n-1) = T" (ao), n= 1,2,....... 


The sequence thus defined is known as the sequence of successive approximations or simply, Picard iteration. 


Main Theorem 


Theorem 1.5. Let X be an arbitrary Banach space, f an element in X and T : X — X a contraction mapping, then 
the operator equation 


a-Tr=f 


has a unique solution if and only if for any xo € X, the sequence of Picard iterates {x,} in X defined by tn11 = Ta, + f, 
n € No ts bounded. 
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Proof. Let Ty be the mapping from X into X defined by 
T(u) =Tut+f. 


Then v is a unique solution of x — Tx = f if and only if u is a unique fixed point of Ty. Since T is a contraction 
mapping, for x, y € X, we have 


IT (x) -FTO = ITE - TOI < lle- yll, 
giving that Tp is also a contraction mapping. 
Suppose Ty has a unique fixed pointu € X, then forall € N 
lEn = Ul] = [Tan + f - ull = Tin) -TADI < Ilen = ull, 
hence {,,} is bounded. 
Conversely, suppose that {x,} is bounded. Let d = diam({a,}) and for each x € X 
Ba(z) = {ye X: liz -yll <d}. 
We define C, = M;i>n Ba(ai). Now we have using that T is a contraction mapping and the given Picard iteration, 
y € Balan) = |y — 2nl| < d 
> ||Ty-Tal| < d 
> ||Ty - [xn - f] < d 
= (Ty +f) -till < d 


= (Ty + f) € Ba(ans1). 
The above implications give the following: 


T (Cn) =Ty(( | Ba(ai)) 


izn 


c (TBa) 


izn 


=(\{TpO)+ lly-2ill < d} 


izn 


=(HTOQ+A: Iby-aill < d} 


i>n 
E [) Balai) = Can. 
i>n+1 


Let C = Unen Cn. Since C, increases with n, C is a closed and bounded subset of X. We next consider 


TAO =T JCD ETAJ JTC) cl] Cmc, 


giving that Ty maps C into itself. Now since C is a closed subset of the Banach space X, C is itself complete. 


Finally applying the Banach contraction principle to Ty and C, we get that Ty has a unique fixed point in C 
which proves the theorem. 
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